Abstract We present a differential constitutive model of stress relaxation in polydisperse linear polymer melts and solutions that contains contributions from reptation, contour-length fluctuations, and chain stretching. The predictions of the model during fast start-up and steady shear flows of polymer melts are in accord with experimental observations. Moreover, in accordance with reported experimental literature (Osaki et al. in J Polym Sci B Polym Phys 38:2043-2050 , 2000a , the model predicts, for a range of shear rates, two overshoots in shear stress during start-up of steady shear flows of bidisperse polymer melts having components with widely separated molar masses. Two overshoots result only when the stretch or Rouse relaxation time of the higher molar mass component is longer than the terminal relaxation time of the lower molar mass component. The "first overshoot" is the first to appear with increasing shear rate and occurs as a result of the stretching of longer chains. Transient stretching of the short chains is responsible for the early time second overshoot. The model predictions in steady and transitional extensional flows are also remarkable for both monodisperse and bidisperse polymer solutions. The computationally efficient differential model can be used to predict rheology of commercial polydisperse polymer melts and solutions.
Introduction
The pioneering tube-model theory proposed by de Gennes (1979) and subsequently developed by Doi and Edwards (1986) was remarkably successful in predicting the linear and nonlinear rheology of monodisperse entangled polymer melts and concentrated solutions. In this theory, the constraints imposed by surrounding polymer chains are replaced by a hypothetical "tube" thereby converting the many-body problem to a single chain in a tube. The reptative relaxation of polymer chains were confirmed experimentally using fluorescence microscopy (Perkins et al. 1994) , video microscopy (Kas et al. 1994) , dynamic secondary-ion mass spectrometry (Russel et al. 1993) , neutron mapping (Bent et al. 2003) , and molecular dynamics simulation (Kremer and Grest 1990) .
The main shortcomings of the tube or the "reptation" model were its failure to provide accurate predictions during steady shear and start-up of steady shear deformation histories. To obtain semiqualitative and quantitative agreement with experimental data by overcoming the limitations, additional mechanisms of relaxation were proposed: (1) fluctuation-driven stretchings and contractions of the chain along the tube ("contour-length fluctuations") (Marrucci and Grizzuti 1988) and (2) release of the constraints due to the motion of surrounding chains ("constraint release") (Marrucci 1996; Ianniruberto and Marrucci 1996) .
By incorporating contour length fluctuations, Milner and McLeish (1998) have successfully predicted the linear rheology of monodisperse polymer melts including the 3.4 scaling of the zero-shear viscosity with molecular weight. Recently, Mead et al. (1998) proposed an integral constitutive model ("MLD" model) by taking into account all the three relaxation mechanisms-reptation, chain retraction, and convective constraint release (CCR). Islam and Archer (2001) also combined all the three relaxation mechanisms using a force balance argument and proposed a simpler differential constitutive model ("IA" model). Both MLD and IA models resulted in greatly improved predictions of steady state and transient rheological behavior (Mead et al. 1998; Islam and Archer 2001; Sanchez-Reyes and Archer 2003) .
On the contrary, theories for polydisperse polymer melts are much less advanced although of utmost importance since all commercial polymers are essentially polydisperse. The major challenge with polydisperse polymers is to take into account the dynamics of neighboring chains of different lengths (i.e., different molar masses) on any single-test chain. The problem becomes an interrelated many-body problem, leading to computationally demanding set of complex equations. Fairly recently, Pattamaprom and Larson (2001) proposed an integral constitutive model to describe nonlinear rheology of polydisperse polymer melts using a simplified version of the MLD model ("toy MLD"). The predictions of this model are in fairly good agreement with experimental data for bidisperse polymers of comparable molecular weights in case of steady shear flows (Pattamaprom and Larson 2001) . However, integral constitutive models are computationally not attractive especially if predictions are required for commercial polydisperse polymers. On the contrary, differential constitutive equations are computationally less demanding and therefore more amenable for extensions to polydisperse systems.
The validity of any constitutive model can be decisively tested if the predictions are compared to the results obtained using extreme material parameters or for severe experimental conditions (e.g., reversing step shear flow). The former can be accomplished by comparing the predictions for bidisperse polymer melts, with components having widely different molar masses and thereby possessing widely separated relaxation times. For example, unusual and spectacular experimental observations such as multiple overshoots in shear stress are reported during fast start-up of steady shear flows of bidisperse polymer melts having components possessing widely separated relaxation times (Osaki et al. 2000a; Kinouchi et al. 1976) .
Our primary objective in this article is to present a differential constitutive model for entangled polydisperse polymer melts that includes all three primary relaxation mechanisms: reptation, stretching, and constraint release. To validate the model, we intend to predict the unusual multiple-overshoot phenomena reported by Osaki and coworkers (Osaki et al. 2000a; Kinouchi et al. 1976 ) and unearth the molecular origin of the spectacular observations. The successful comparisons would certainly push the limits of the applicability of the tube model concept in general. In addition, the simple differential model would provide a platform for accurately predicting the rheological responses of commercial polydisperse polymer melts.
Model Development
Our starting point for formulating a differential model for polydisperse systems is the constitutive equations proposed by Islam and Archer (2001) ("IA" model, Eqs. (1), (3d), (4), and (5) of the reference). The premise of the present model is that the total stress is the weighted contribution of individual components of the polymer melt. The governing equation for time evaluation of polymer orientation is same as the original version (Eq. (1) of Islam and Archer 2001) except the fact that a separate expression has to be written for each individual component, "k".
Here, D pq =(1/2) (κ pq +κ qp ), κ is the deformation gradient tensor, and S ij ¼ u i u j is the second moment tensor of the segment orientation vectors, where the angular brackets signify averages over configuration space.
Acceleration of relaxation dynamics of polymer chains are taken into account by introducing the concept of modified reptation or modified terminal relaxation time:
For each component k, the second and third terms (terms inside the bracket) represent loss of entanglement constraints due to the convective motion of all chains (the sum "m" is over all different size fractions) relative to the change in length of the chain type, k.
, and L o;k are the average contour length of the primitive chain type k under flow and in the absence of flow, respectively.
In case of fast flows, evolution of the contour length of the primitive chains plays a dominant role. The length evolution or stretch rate of size fraction k can be expressed in terms of the following expression:
The stretch elongation is slowed by the terms inside the square bracket. The first two terms represent contributions from CCR, where the third term is due to reptative constraint release caused by the reptation of chains of different sizes.
The CCR on test chain k will be due to the retraction of chain k with respect to the mesh of constraints surrounding the chain. The mesh of constraints is composed of all chain types "m." This is conceptually different from the way CCR was modeled in the Toy MLD model (Pattamaprom and Larson, 2001) . In the MLD model, constraint release of test chain "i" (Eq. 3 of the reference) will depend on the retraction of all chain types "j" with respect to the convection of mesh of constraints. The present formalism is more appropriate since Eq. (3) represents the evolution of length or stretch rate of chain k, and it takes into account the CCR due to the matrix and flow parameters on the test chain (of type k). The contribution from all chain types is taken into account later in Eq. (5).
In the present formulation, there is CCR if the test chain k is not stretching as fast as the tube in which it resides. Therefore, CCR may occur even if the surrounding chains are affinely deformed. In the MLD formulation, there is no CCR if the matrix chains deform affinely.
The È _ L k ð Þ function in the first term of Eq. (3) takes into account the finite extensibility of polymer chains (Pattamaprom and Larson (2001) . The value of the function is unity for linear springs (at low deformation rates) but increases at higher deformation rates when the springs (polymer chains) become fully stretched. È _ L k ð Þ can be approximated by the normalized Padé Inverse Langevin function (Pattamaprom and Larson 2001; Cohen 1991) .
Finally, the total stress tensor can be written as weighed sums of individual components.
Again, the subscript k denotes a component of the polydisperse system having molecular weight M k , weight fraction w k , and stretch ratio,
The subscript "ij" represents "ij th" component of the stress tensor (σ) and the second moment of the segment orientation tensor
where G N is the plateau shear modulus of the material.
In the limit of monodisperse system, the five equations (Eqs. 1, 2, 3, 4 and 5) reduce to the original constitutive equations of Islam and Archer (2001) developed for monodisperse systems, with the exception of the finite extensibility coefficient,
, and ij S ji ¼ 0 (no convection).
Discussion
We have compared the model predictions with the experimental findings of Osaki et al. (2000a) during start-up of steady shear flow of entangled bidisperse polymer mixtures. Some of bidisperse systems of Osaki et al. (2000a) are composed of two fractions with widely different molecular weights where the stretch or Rouse relaxation time of (τ RH ) the higher (H) molar mass fraction is longer than the terminal or longest relaxation time (τ d0L ) of the lower (L) molar mass fraction. For these systems, spectacular double overshoots in shear stress were observed during the start-up of steady shear flows at high shear rates (e.g., Figs. 4 and 5 of Osaki et al. 2000a) .
The model parameters are chosen so as to closely resemble sample f80/f850 of Osaki et al. (2000a) , the results of which are reported in Fig. 5 of the reference. The individual longest relaxation times of lower molar mass (L) and higher molar mass (H) components at mixed concentration (C tot =0.11 g cm −3
) are not given in the reference. Hence, the time scale of the model predictions is normalized with d0H Wi ¼ _ dH0 ½ ; the longest or terminal relaxation time of the higher molar mass component. The ratio of the terminal relaxation times of two components (τ d0H /τ d0L ) is taken to be as the 3.4th power of their molar mass ratio, τ d0H /τ d0L ∼(M wH /M wL ) 3.4 ∼(8.24× 10 6 /7.06×10 5 )
3.4 ∼4,248. Other parameters required for the model predictions are evaluated using standard relations (Doi and Edwards 1986) . The ratios of the terminal relaxation time and the longest Rouse relaxation time for higher (τ d0H /τ RH ) and lower (τ d0L /τ RL ) fractions are estimated to be three times the entanglement density (τ d /τ R ∼3M/M e ) of that fraction (Doi and Edwards 1986) . The molar mass between two neighboring entanglement points also known as the entanglement molar mass (M e ) is evaluated using the relation reported by Osaki et al. (2000a,b) , (c, g cm The model predictions for shear stress (σ) and first normal stress difference (N 1 ) during start-up of steady shear flows are plotted in Fig. 1a,b . The abscissa and ordinate of the figures are normalized with τ d0H and G N (plateau modulus), respectively. The start-up profile including the appearance of a second overshoot in shear stress at high deformation rates is strikingly similar to Fig. 5 of Osaki et al. (2000a) . This "second overshoot" is the second to appear with increasing shear rate. Similarities are also observed in case of other samples. predicts the two overshoots in σ. However, the model over predicts the magnitudes of the overshoots in both σ and N 1 .
The model predictions can be used to gain insight as to the origin of the two overshoots in shear stress for example at Wi=50,000. The transient dynamics of the normalized primitive length ( b L ) for each fraction are plotted along with σ and N 1 in Fig. 2a . As expected, the longer time first overshoot in σ and the overshoot in N 1 are primarily due to the transient stretching of the higher molar mass fraction ( b L H ) chains. Comparison of the maxima in Fig. 2a suggests that the second overshoot at shorter time is due to the transient peak in b L L : According to this argument, the second overshoot in σ should start to appear approximately when _ ∼τ RL −1
, i.e., Wi∼τ d0H /τ RL ∼(τ d0H /τ d0L )(τ d0L /τ RL ) ∼ 4,248×13∼55,000. This argument is also in agreement with the reasoning suggested by Osaki et al. (2000a) for the appearance of the second overshoot. It is important to note that the relative magnitudes or widths of the overshoots, i.e., whether the second overshoot appears as a peak, a kink, or a shoulder, depend on the values of several parameters: the mass (w H /w R ) and molar mass (M wH /M wL ) ratios of two fractions and the entanglement density
It is also noteworthy to mention that the proposed model, with only two parameters (τ d0 and τ R ) for each component, is able to predict subtle features such as undershoots in σ and N 1 (Fig. 2a) that immediately follow the overshoots at high W i .
Due to practical experimental limitations such as edge fracture, slip, and other artifacts, it is usually not possible to perform start-up measurements at even higher Wi than reported by Osaki et al. (2000a) . Although use of standard polystyrene with higher molar mass (e.g., M wH =20.6×10 6 g mol −1 instead of 8.24×10 6 g mol
) than used by Osaki et al. along with a suitable lower molar mass standard may make it possible to go even higher Wi or _ , avoiding experimental limitations. Nevertheless, the model can be used to predict the dynamics at even higher Wi. As Wi (or _ ) is increased further (W i >50,000), the transient overshoot in b L L becomes more pronounced, and as a result, a second overshoot in N 1 starts to appear. Like the second overshoot in σ, the overshoot in N 1 can manifest itself as a peak, a Fig. 3 Comparison of the steady-state shear viscosity η (broken line) and first normal stress difference N 1 (solid line) predicted by the model with experimental data for bidisperse polystyrene solution (molar masses 8.42×10
6 g mol −1 and 2.89×10 6 g mol −1 at a 60/40 ratio) reported in Fig. 10 of Pattamaprom and Larson (2001) kink, or a shoulder depending on the mass ratio (ω H /ω R ), molar mass ratio (M wH /M wL ), or entanglement density of two fractions. For this particular bidisperse system, at even higher Wi, the higher molar mass polymer chain becomes fully stretched ( b L H $ b L H;max ) during start-up, and the first or longer time overshoot gradually disappears. The second overshoot remains as the only overshoot, which is due to the transient stretching of b L L . One such scenario is displayed in Fig. 2b where the time dependent values of the molecular parameters as well as stresses are plotted for Wi=500,000.
Next, we compare the predictions of the differential model with experimental data in case of steady shear flow of bidisperse polymer systems. For comparison, we have selected the recently published steady state data of Pattamaprom and Larson (2001) for entangled bidisperse polystyrene (PS) solutions in tricresyl phosphate (TCP). The mixture was composed of monodisperse fractions with molar masses 8.42×10
6 and 2.89×10 6 g mol −1 at 60/40 ratio. Same relaxation times (τ d and τ R for each component) evaluated in the reference (Pattamaprom and Larson 2001) were used to obtain the model predictions. A fairly good agreement is obtained between the model predictions and experimental data as displayed in Fig. 3 . The magnitudes of σ ss or η ss (η ss =σ ss / _ ) and N 1,ss predicted by the present model are found to be in-between the values predicted by toy MLD and "DEMG" models for polydisperse polymers (Pattamaprom and Larson 2001) .
We conclude this paper by showing the remarkable predictions of the differential model in steady (Fig. 4a) and transitional ( Fig. 4b) extensional flows for both monodisperse and bidisperse polymer solutions. The recently published extensional rheological measurements of monodisperse and bidisperse polystyrene solutions by Ye et al. (2003) are used for comparison. In Fig. 4a,b , comparisons are shown for data obtained from monodisperse polystyrene 2.89×10 6 g mol −1 (L289) dissolved in TCP at a volume fraction of 7% and a bidisperse mixture of 40% 2.89×10 6 g mol −1 and 60% 8.42×10 6 g mol −1 (L842) dissolved in TCP at an overall polymer volume fraction of 7%. The predictions are equally good for other bidisperse mixtures with different compositions. The parameters used for the model predictions are the TM parameter set evaluated in the reference-for L289 G N =349.6 Pa, τ d =9.4 s, τ R =0.76 s; for L842 G N =480.4 Pa, τ d =189.6 s, τ R =5.0 s; and β=L eq /L max =0.12.
Given the fact that the results of comparisons between predictions of constitutive models and experimental data are sensitive to the choice of parameters as well as the polymer chosen and its number of entanglements (Pattamaprom and Larson 2001) , the match of the proposed model predictions with experimental data from different sources in case of both steady shear and start-up of steady shear flows can be considered remarkable. A comprehensive comparison of the predictions with alternative models as well as with experimental data for well-defined bi-, tri-, and polydisperse samples would be worthwhile, but beyond the scope of the present work.
Most commercial polymer processes of interest utilize polydisperse polymer melts in complex flow geometries. Therefore, the need for a simple, computationally efficient, yet fairly accurate differential constitutive model cannot be overstated. The present approach is a step forward in that direction.
